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Abstract. We study class of Levy processes having all moments. We de- 
fine system of polynomial martingales {M„(Xt , t), J^<t ^ , where T<^t is a 
suitable filtration defined below. We present some properties od these martin- 
gales. Among others we show that Mi{Xt,t)/t is a reversed martingale and 
Ml is a harness. We study also chances for martingales M„ multiplied by 
suitable function of t to be a reversed martingale. We show that for n > 3 it is 
possible only when the Levy process in question is Gaussian (i.e. is a Wiener 
process). For n = 2 we present Levy process different from Gaussian that has 
this property. 



1. Introduction 

There have been defined many famihes of polynomials associated or defined for 
Levy process with all moments existing. The most popular ones are the Kaillath- 
Segall polynomials (see [14], [12], [15], [27]) connected with path' structure of the 
process and the properties of multiple integrals of the process. There are also so 
called Teugels polynomials (see [16], [17]) associated with the properties of Levy 
measure of the process. 

Our approach is different. We are seeking polynomials functions Mn{Xt,t) of 
process's observations Xt at t that are martingales. We indicate conditions under 
which these polynomial multiplied by some deterministic functions of time param- 
eter are reversed martingales or constitute a family of orthogonal, polynomial mar- 
tingales. We also analyze the structure of so called 'angular brackets' of martingales 
Mn i.e. functions p„(t) = EMn{Xt,ty. 

Of course there exits relation of our martingales to Kaillath-Segall polynomials 
(see [M] or Yablonski's polynomials (see [27 ). In 2011 in seminar presentations 
in Innsbruck J.L. Sole constructed polynomial martingales using Bell's (or Yablon- 
ski's) polynomials. We derive the form of these martingales once more, straightfor- 
wardly as illustration of the theory of stochastic process with polynomial regression 
as presented in j21| . We present many more properties of them then mentioned in 
Sole's presentation. Of course on the way we point out relationship with Yablon- 
ski's polynomials. The paper is organized as follows. The next Section [2] contains 
our main results. Section [3] contains some open problems that can be solved using 
technic presented in the paper and which we leave to more talented researchers. 
Finally Section 2] contains uninteresting or tedious proofs. 
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Finally let us mention the fact that while analyzing consequences of the assump- 
tion that fi{t)M2{Xt,t) is the reversed martingale we had to prove, believed to be 
new, interesting property of the so called tangent numbers (see (|4.4[) '). numbers 
closely related to Bernoulli numbers. 



2. Polynomial martingales 

Let us formulate assumptions that will be in force throughout the paper. On the 
probability space (^2, J", P) there is defined Levy stochastic process X = {Xt)t>o, i-e. 
time homogeneous process with independent increments, continuous with probabil- 
ity. Let us define filtrations J^<s = <j{Xu : u < s) for s > 0, J^>s = (t{Xu : u > s) 
and J^s.u = o-{Xt : t ^ [s,u]) if s < t < u. 

Let us also stress that all equalities between random variables are understood to 
be with probability 1. Hence we drop abbreviation a.s. usually following equality 
between random variables for clarity of exposition. 

We will be interested only in those Levy processes which posses all moments. 
Such processes constitute a subclass of the class of all Levy processes and the 
main tool of analysis here are moments functions. Hence we will not refer to Levy 
measure that is the usual tool in analysis of Levy processes. Instead we will use 
Kolmogorov's characterization of infinitely divisible distributions as presented e.g. 
in [n] to complement our analysis. Of course the two tools are closely related to 
one another since one can get all moment functions knowing characteristic function. 
We will use moment functions for the sake of completeness of the paper and also 
in order to illustrate the usage of recently obtained results of the paper pT| . 

Let us denote by m„(i) the n— th moment of the process i.e. TO„(t) = EXJ^. We 
will assume that for all n > functions mn{t) exist and are well defined. 

We have the following set of easy observations. 

Proposition 1. i) 



(2.1) m„(s + i) = ^( ,\mj{s)mn-j{t), 



ii) Let Q{t;x) — '^jyQ'fnj{t)x^ /j\ be characteristic function of moment func- 



for all n > and s,t > 0. 

ii) Let ( 
tions, then 

Q{t\x) = exp(t/(a;)), 

with f{x) — X)fc>i Ckx^ /k\ and m„(t) = ^ "^gjl'^^^'*'' where coefficients Ci, i = 

— x—O 

1, . . . are such that for every t > sequence {'7t„(i)}„>g is the moment sequence. 

Hi) cit ~ EXt, var(Xt) — C2t. Let TO„(t) = E{Xt — cit)"' be the central moment 
sequence. Then J2j>o ''^n{t)x^ / = CTqy{t{f{x) — cix)). 

iv) Moment functions mn{t) satisfy the following set of differential equations: 
Vn > 0, t > 

(2.2) m;(i) = f^ (''']cjm„_,(t). 

v) Let {V^n(i)}„>o ^6 family of lower triangular matrices composed from mo- 
ments functions as follows: {i,j) — th entry of Vn i.e. Vi,j{t) is equal to(^^mi^j[t). 
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We have: 

(2.3) Vn{t)^exp{tCn), 

where matrix C„ is a lower triangular matrix with entry equal to Q)ci_j, 

where numbers Ci are defined in ii) and where we set cq = 0. Moreover for every 
n > Q n polynomials defined by the formula 

(2.4) X„(t) - K(-i)X^\ 

where xj"' = [l^Xt^X'^^ . . . are martingales with respect to filtration J-<f 

Proof. Is shifted to Section IH □ 



Remark 1. Coefficients Ci can be identified with the moments of the Kolmogorov's 
measure dK of the analyzed Levy process. Recall that since we deal with the case 
of the process with finite variance we can use equivalent form of the Levy canonical 
form of the infinitely divisible distribution namely the Kolmogorov's one (see e.g. 
[llj . p. 93, (10)). Applying this formula for t = —ix we get 

EeMxXt) = exp(t/(x)) = exp(teia; + t H l^^Pi^—i^^dif (y), 

where K{y) is a non- decreasing function with bounded variation such that K(~oo) 
= and K{oo) = J^dK{y) = var(Xi) = C2. Confronting Kolmogorov's formula 
with the definition of coefficients Ci we arrive at the following interpretation of 
these parameters: 

c,= I f-^dKiy), 

i > 3. Thus we see that coefficients Cijci are moments of probability measure 
—dK{u) on the real line. In particular we deduce that 

t) (c4/c2)l/2 < (c6/c2)l/4 < . . . < (c2,+2/c2)l/2'= < ■ ■ • • 

Consequently */ X]fc>i(c2fc+2/c2)^^^'^ — oo then by Carleman's criterion coefficients 

Ci identify measure dK and consequently Levy process itself. 

ii) C4/C2 — (03/02)^ > since C4/C2 — (03/02)^ is the variance of measure -^dK{u), 
Hi) if C2k — for some k>2 then dK must be degenerated and concentrated at 

so we deal with the Gaussian case since ^ 

exp(cirf + tc2X^/2) = J exp(a;y)^7=ij=^ exp(--^^;gi^^)dy. 

Remark 2. Following interpretation of coefficients Ci given above we can refer 
to the martingale characterizations given by Wesolowski in [26| . One of them is 
obviously wrong. Namely the characterization of the Poisson process by the form of 
first three polynomial martingales is not true. This is so since from the martingale 
conditions considered by Wesolowski in Theorem 1. it follows that Ci = C2 = C3 = 
1. As the above Remark shows it is not enough to impose that all Ci — 1 for i > A 
which would lead to the Poisson process with parameter 1. 

On the other hand the second martingale characterization of the Wiener process 
by the first four polynomial martingales given by Theorem 3. is true since the form 
of these martingales impose that 03 = c^ = 0. As it can be seen from Remark[^ it 
is enough to deduce that then all Ci — for i > 4. 
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Remarks. In 21 (2.1) Yablonski defined family of polynomials Pn{xi, Xn) of 
the increasing numbers of variables by the expansion 

(2.5) exp(^ tlll^^^fe) ^ J2 z''Pn{xu. . . , x„). 

fe>l n>0 

He proved validity of the above expansion for \z\ < l/limsupj, {xkl^^'^ and also 

gave some properties of these polynomials. Comparing k2. 5\) with Proposition\^ii) 
we see that 

(2.6) mn{t) = n!P„(cit, -cai, Cit/2, (-l)"-ite„/(n - 1)!), 

where Pn is the above mentioned Yablonski's polynomial. Moreover Yablonski con- 
dition for the existence of expansion V2. 5]) can be expressed in terms of variables Ci 

in the following form : limsup;, -^^^^ — < oo or equivalently ji^t. > for 

some D and sufficiently large k which is nothing else as C'arleman's condition for 
identifiably of the Kolmogorov 's measure by moments and consequently of the mar- 
ginal distribution of process since Kolmogorov' s measure identifies this distribution 
and parameters Ci are moments of dK. 

Following formulae ( 27[, (2. 2)-(2. 4)) and using our notation given by h2. 6\) we 
have the following properties of moments to„ {t) : 

(2.7) mn+i{t) = i ( )cj+im„_j(t), 



(2.8) 



dmn{t) _ ( if I > 71 



dci \ ntmn-i{t) if l<n 



(2.9) m„(t;c + d) = ^ ( ^ jmfc(i; c)m„_fc(t; d), 



fc=0 

,2 



(2.10) m„(i; (ciQ;,C2a^, . . .)) = a"m„(i; (ci, C2, . . .)). 

where we denoted mn{t; c) n—th moment of the Levy process with parameters c — (ci, C2, 

Finally let us remark that as shown in [15j Yablonski's polynomials P„ are closely 
related to Kailath-Segall polynomials formulae (see |14j j that are used to study path 
properties of Levy processes. Hence our results give new interpretation of these 
polynomials. 

Remark 4. Since matrices Ain ^'"e lower triangular we see that their {i,j) entries 
do not depend onn. Consequently from formula {2.4^ it follows that : {Mn{Xt,t),T<:t), 
where 

(2.11) M„ {Xt,t) = ("')mn-j{-t)Xi 

are martingales for n = 1,2,.... and EMn{Xt,t) — EMn{Xo, 0) = 0. 

By Mn{x,t) we will denote polynomial such that Mn{Xt,t) is defined by \2.11]) . 



Using this formula and (|2.7|) we have the fohowing set of useful relationships: 
Lemma 1. i) 



Mi{x,t)Mn{x,t) = Mn+l{x,t)+tY^^ [^"^ ]ck+lMr,-k{x,t). 
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Thus in particular EMi{Xt,t)Mn{Xt,t) = tcn+i- 

a) 



n+l 



k=2 



n 

fc- 1 



+ 2( ])ck+lMn-k+l{x, Cfc+lQ_fe+i. 



1=2 



fc=l 



In particular ElV^iXt, t)Mn{Xt,t) = te„+2 + t^ ELi (fc) 

Hi) Va 7^ : Mn{x/a, t;{ci, . . . , c„)) = a~"M„(a;, t; {aci,a'^C2, . . . , a"c„)), where 
we denoted Mn{x,t; (ci, . . . ,c„)) = J2]=q (7)"^n-j(-*> (ci, • ■ ■,Cn-j))x^. 



Proof. Uninteresting proof is shifted to Section 21 



□ 



As a immediate corollary we get the following nice property of Levy processes 

Theorem 1. Let X({ci, C2, . . .}) be some Levy process defined on (0, oo) and poly- 
nomial martingales defined by ^2.4^ . 

Then {AIi{Xt,t)/t, T^t) is a reversed martingale. Moreover Mi is also a har- 
ness: i.e. 



E{Nh{Xut)\Fs^u) 



u — t, t - — s 

-Ah{Xs,s) + Mi{Xu,u), 



u — s u — s 

where s < t < u, and J-s,u = cr(Xt,; v G (0, s] U [u, cxd)). 

Proof. Simple proof strongly basing on Lemma (TJi) is shifted to Section U) 



□ 



We will need also some simple properties of moments mn{t) and martingales 
M„(t). 

Proposition 2. Let Q{s;x) = exp(s/(a:)) where f{x) = X]fe>i '^fclJi char- 
acteristic function of moments ninit). Then 

Ej=o {'j)^n-]{-s)m.j+i{s) = exp(-s/(M))^exp(s/(w)) 



11=0 



ii) EM„iXt,t)MkiMt,t) = exp(i(/(u + - /(u) - f{v)) 

£,exp{t{f{u + v)-f{u)-f{v)) 



v=0 



u=v=0 



11=0 



Proof. Purely technical proof is sifted to Section S) 



□ 



Corollary 1. EMn{Xt,t)Mk{Mt,t) is a polynomial int of order Tam{n, k) with co- 



x=0 



efficient by P equal to ^^„Jtk^j 

i?M„(x„t)M,(x„t) = E;=f''"^4''"^^'' "^'^^ 



for J = 0, . . . , min(n, k). More preciselly 



,(fc,n) 



x=0 



if n — k 
if n ^ k 



In particular coefficient by t is equal to Cn+k, by t 



^^■n + k-j {f'{x)) 



to k\c\ > 0. In all these expressions we have to set ci — 0. 



x=0 



If 71 — k coefficient by t is equal 



x=0 
k 



and by 
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Proof. Firstly we observe that n— th derivative of exp(t/(a;)) with respect to x is 
of the form {tf'^"'\x) + . . . + exp(i/(a;)). The independence of ci follows 

the fact that exp(i(/(u + u) — f{u) — f{v)) does not depend on ci. □ 

Since coefficients Ci , i > 1 determine Levy process with finite all moments 
completely we will use notation X( {ci}), X(c), or finally X({ci, C2, . . .}) to denote 
Levy process with parameters {ci, C2, . . .}. 

Our main concern in this paper is to select those Levy processes with all moments 
existing that have also polynomial reversed martingales and orthogonal martingales 
(that necessarily are also reversed martingales as remarked in [21], Corollary 5). 

This problem is too complex to be solved in full generality in a short paper. 
Instead we will solve it only partially. Namely we will select those polynomial mar- 
tingales Mn{x,t) that multiplied by some deterministic function /i„(i) constitute a 
reversed martingale. 

Our main result states that for n > 3 within the class of Levy processes with all 
moments only ones with all parameters Ci for i > 3 equal to zero have this property. 
Moreover then Mn{x,t) are orthogonal martingales. 

For n = 2 we show that apart Wiener process (i.e. apart from the case Ci = 
for i > 3) there exist another Levy process that has the property that there exists 
a function /i(t) such that fj.{t)M2{Xt,t) is a reversed martingale. 

Both these theorem will be based on the some simple observations that we will 
collect in the following lemma. 

Lemma 2. Lei X({ci, C2, . . .}) be Levy process defined on (0, oo) and polynomial 
martingales defined by |^.^[ ). Suppose fi{t)Mk{t) is the reversed martingale, then 
i) for all I = 1,2, .. . 

(2.12) fi{s)EMi{Xs,s)Mk{X,,s) = fi{t)EMi{Xt,t)Mk{Xt,t), 

where ^lit) = 1/ EMk{Xt,t)Mk{Xt,t), and EMi{Xt,t)Mk{Xt,t) = Y.jti''''^ df'\^, 
with 

if I <k 



df')^<j (/'(-)) 



x=0 



if l:^k 

if I > k 



x=0 

ii) Cj — 0, j = max(3, fc — 1), . . . , 2fc — 1 for k > 2. 
Proof. Is shifted to Section g) □ 

Remark 5. Let us notice that polynomials pk{t) = EMk{Xt,t)Mk{Xt,t) are in fact 
so called 'angular brackets' of polynomial martingales Mk{Xt,t). We know that they 
are non- decreasing functions of t. 

As an immediate corollary of Lemma[2lii) and Remark[l]iii) we have the following 
result. 

Theorem 2. For fc > 3. there does not exist function fi (t) such that fi{t)Mk{t) is 
a reversed martingale unless Ci ~ for i > 3. Also this condition is necessary and 
sufficient for the polynomial martingales Mn{t) to constitute a family of orthogonal 
polynomials. 
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Proof. By Lemma [2] we know that parameters C3, C4, . . . , C2fc-i are equal to zero. 
In particular we have C4 — which leads by Remark [Uiii) to the conclusion that Ci 
= for i > 3. 

Notice that to have orthogonal polynomial martingales we have to have 
EMi{Xs, s)AIk{Xs, s) = for k ^ I. The presented above consideration show that 
it is possible only iff = for i > 3. □ 

Thus it remains to consider the case k = 2. 

Theorem 3. {^{t)M2{Xt^t),F<t) is a reversed martingale with fi{t) = l/(2c|t + 
C4) ijf either — and the Levy process is Gaussian or 
C4 > and 

(2.13) exp(t/(x-) = e^^*-(cos(xy^))^2tc^/^% 

for \x\ < -Ia/ — • In particular distribution of Xt for t = has density h{y) equal 



2 y C4 
to 

(2.14) h(y) = ^ y € K. 

V8^cosh(^)'' 

and is identifiable by moments. 

As a corollary we can now refer to the third martingale characterization of the 
Wiener process done by Wesolowski in [25| . It states that if a square integrable pro- 
cess X = {Xt)t>o has the property that {Xt,J-<t) and {Xf — t,jF<t) are martingales 
and (Xt/t,jF>t) and {{X"^ — t)/t^,F>t) are reversed martingales then the process 
is a Wiener process. It was shown in [23] that this is not true characterization. 
Namely a counterexample with dependent increments was shown. 

If we however confine ourselves to class of Levy processes having all moments then 
this characterization is true. Since as shown above for our class of Levy processes 
with ci = 0, C2 = 1, (^t, J-'<t) and {X"^ — t,F<t) are martingales and {Xt/t,F>t) is 
reversed martingale only condition that {{Xf — t)/t'^,T>t) is a reversed martingale 
matters. Comparing this requirement with Theorem [3] we see that we must have 
C4 = to fulfill the requirement. But C4 = leads to requirement that Ci = 0, for 
all i > 3. 

3. Open problems 

Notice that in fact one should seek reversed polynomial martingales Rn{Xt,t) of 
the form 

n 

Rn{Xt,t) = Y,l^k{t)Mk{Xt,t), 

k=l 

where {Xt , t) are polynomial martingales that were considered in the previous 
sections and /ife(t) are some deterministic polynomials of t. Then requirement that 
{Rn{Xt,t), J^^t) is the reversed martingale leads to the condition that for all s < t, 
I > 1 we have 

n n 

(3.1) ^/ifc(s)^Mfe(^s,s)Mj(X„s) ^Y.^''kit)EMk(Xt,t)Ml(Xt,t). 

k=l k=l 

Since Mi[Xt, t) for i = 1, . . . , n is martingale. 
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For n = 2 we get 

(3.2) = 

(3.3) fi.it) - 



C2 - I3C3 



i(2c^t + C2C4-C§)' 



I3{2clt + C4) + C3 

t{2C2t + C2C4 — Cg) ' 



where parameter /3 is defined by the condition ij.{t)tc3 + v{t)tc2 = P which comes 
from p.ip taken for n = 2 and Z = 1. 
Notice that if we assume C3 = then 



£_ 

t{2clt + Ci)' C2t' 



But since we know that Mi (Xt, t) /t is a reversed martingale by Theorem[l] thus the 
requirement that iJ.2{t)M2(Xt,t) + l3Mi{Xt,t)/ {c2t) is a reversed martingale leads 
to the requirement that iJ,2{t)M2{Xt,t) is. Thus we deal with the case already 
considered in Theorem |31 Hence we have an open problem 

Problem 1. Find all Levy processes (i.e. all coefficients Ci, i > b) such that iS.l]) 
is satisfied for n — 2 , I > 3 with \S.'2\) and \S.^^} . Little reflection leads to the 
conclusion that then coefficients Ci must satisfy recursion: 

C3 , (C2C4 - c§) ^ / A 
Q+2 = + y c/c+iQ+i-,. 

Of course one can pose also a generalization of the previous open problem. 

Problem 2. Find all Levy processes (i.e. all coefficients Ci, i > 5) such that iS.l]) 
is satisfied for n > 3 , I > n + 1. 

Here Lemma [2li) might be of help. 

Similarly one can pose the following problem concerning so called quadratic 
harnesses among Levy process the problem inclusively studied recently by Bryc, 
Wesolowski and Matysiak (see g], [3], [6], [7], [8], [10], [5]). 

Problem 3. Find all Levy process (i.e. coefficients Ci, i > 3) such that M2{Xt,t) 
is a quadratic harness i.e. 

E{M2{Xut)\Fs,^.) - AM2{Xs,s) + BMi{X„ s)Mi{X^,u) 
+CM2{Xu, u) + DMi{Xs,s) + EMi{Xu, u) ~ C2s\ 

where < s < t < u, A, B , C, D, E are some functions of s,t,u only. Note that 
A, B , C, D, E can be relatively easy found by solving system of 5 linear equations ob- 
tained by multiplying the above equality by M2{Xg, s), M2{Xu, u), Mi{Xs, s)Mi{Xu, u), 
Mi{Xs, s) and A/i(X„, u) and calculating expectation of both .sides and utilizing the 
fact that Mi{Xt,t), i — 1,2 are martingales, (as done in 21 ). Having A, B, C, 
D, E we multiply both sides of this equality by Mi{Xs, s)Mk{Xu,u) and calculating 
expectation. On the way we use Lemma[^)-ii) and Lemma\^i) . In this way we get 
system of recursions to be satisfied by coefficients Ci, i > 4. 
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4. Proofs 

Proof of ProposttionUi i) We have m„(s + t) = EXt% ^ E{Xt+s ~ Xs + Xs)" = 
Yl"=o (")"^j (i)m„_j(s) since E{Xt+s - Xs)" = for Levy processes. 

ii) Let us define Q{t; x) — J2j>o ^n{t)x^ Following i) we get 

Q{t + s;x) ^ Q{t; x)Q{s; x). 

Since for fixed x function Q is continuous in the first argument by assumption we 
are dealing with multiplicative Cauchy equation. Hence Q(t\ x) = exp(i/(x)). Since 
Q{t] x) is analytic with respect to x and also Q(t] 0) = 1 we expand function / in a 
power series of the form f{x) = J2k>i Ckx'' /k\. Following definition of the function 
Q we get further statements of ii). 

iii) We have by direct calculation: rni(t) — EXt — exp{tf{x))\^_^ — cit 

and m2(t) — EX^ = -§-^ exTp{tf{x)) — cit + C2t. Now let us consider sequence 

^ a;— 

TO„(i). We have TO„(t) = ^^^^ (^)m„_,(i)(-l)* {citf and also E«>o ("l)' (cii)'ff 
= exp(-citx). Hence I]j>o "^"(*)frr = exp(i/(a;) - citx)). 

iv) First of all notice that following definition of function Q we have ^^{1) 
^^(/(x) exp(t/(x))|^_g . Now we apply Leibnitz formula for 



d"dQ{t;x) 
dx'^dt 



n— th derivative of the product of two differentiable functions. On the way have to 
remember that -^^fix) = c„. 

" a:— 

v) At this point we have to refer to [21] . There one of the basic notions was the 
family of the so called structural matrices {Ki(0}n>o '-'^ process with polynomial 
conditional moment. Matrix Vn{t) was defined as any (n + 1) x (n + 1) matrix Vn 
satisfying the relationship 

(4.1) A^{s,u)^V-\s)V^{u), 

where A„(s,t) — [7ij(s, i)]i,j=o,2,...,n f^ > and functions 7„^fe(s,0 are defined by 
the relationship: E(X^\F<s) — Z]fe=o T'n,fc(*' *)"^^ aU s < t and aU n > I. 
Little reflection lead to the conclusion that for Levy processes coefficients 7„ ^(s, t) 
have clear probabilistic interpretation. Namely 7„ fe(s,t) = {^E{Xt — Xs)"~'^ = 
(^)m„_fc [t — s) . Besides it was shown in [21^ (Corollary 4) that (i,i) — th entry of 
matrix Vn for process with independent increments is of the form: 

r if i<j 

Vij{t) ^ I 1 if i= j . 

[ Qg^-jit) ^f ^>3 

Notice that equation (|4.ip can be read as Vn{t) — An{s,t)Vn{s) leading to the 
conclusion that we must have: 

Q 9^^J (*) = 1] Q "ifc {t - s) gk-j (s) 

for all t > s and i > j. Canceling out by (p and changing index of summation we 
get: 



1=0 



9^-] (*) = XI 7 ) ~ ^)9i (s) 
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Comparing this with (|2.1|) we deduce that as matrix Vn (t) we may take matrix with 
— th entry equal to Q)TOi_j(t) for ah i,j = 0, . . . ,n and t > 0. Now let us 

calculate matrix V^{t). By iii) we see that its entry is equal to Q)m,-_^(t) 

= (j) {^~f;'')cknii-j-k{t)- On the other hand {i,j)—th entry of the product 

CnVn{t) is equal to J2k=j {l)'^i-k{'j)n^k-jit). After changing index of summation 
from k to t = j — k we get further Q) X]t=o {'^~t'')'^i-j-t''^t but this is equal to 
previously calculated (*)m-„j (t) because of the symmetry properties of the binomial 
coefRcient. We have thus shown that 



from which immediately follows ()2.3p . The fact that polynomials defined by 7M„ are 
martingales follows Corollary 4. Besides as it follows from p.3|) V~^{t) = Vn{—t) 
for Levy processes. □ 



Proof of Lemma [3 i) We have 



j=0 ^"'^ i=i ^-^ ^ 

= M„+i(a;,i) - m„+i(-t) +^(^^- " -[^^ ^ ^ ""^^ )m„+i_ja;-' 

Mn+l{x,t) - J2 ("^^X^rUn^j + li-t) = M„+i{x,t) - J2 + 

= Af„+i(x,t) +tJ2 51 (i)cfc+iTOj-fc(-t) 

j=0 ^-^^ fe=0 ^ ^ 

k=0 ^ ^ i=0 ^ ^ 



Now recall that Mi{x,t) — x — at, hence subtracting from both sides citMn{x,t) 
get the assertion. Besides we have EMn{Xt,t) = for n > 1. 
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ii) Recall that M2(x,t) — Mi (a;, t) —C2i, hence let us calculate first Afi(a;, i) M„(a;, i) 
= M„+2(a;,t) jcfc+iA/„+i_fe(a;,i)+i^ ) 



k=\ ^ ' k=\ 

n—l / \ n—k / j\ 

= Mn+2ix, + ^ " ^) + 2 Q )Ck+lM„ -k+i{x,t) + 

1=2 ^ ^ fc=l ^ ^ 

Since rr) = c)+(..-i)- 

ui) We have Mn{x/a,t; (ci, . . . ,c„)) = I]"=o (")"^n-i(~*; (ci, • ■ ■ ,c„_j)q! ^x^ = 
a~"I]"=o (j)""~^'^n-i(~*;(ci;---;Cn-j))a:-' = a""M„(a;,t;(aci,...,a"c„)) by 

Proof of Theorem[I\ To see that Mi{Xt,t) /t is a reversed martingale we have to 
show that for all s < t and I we have : 

-EM,{X,,s)Mi{Xs,s) = -EM^{Xt,t)Mi{Xt,t). 
s t 

By Lemma [l]i) we see that this is satisfied. To prove the 'harness' part we have to 

show that for d\\ s <t < u and all k and / > 1 we have 

u — t 

EMk{Xs,s)A'h{Xt,t)Mi{Xu,u) = EMk{X,,s)Mr{X,,s)Mi(Xu,u) 

u — s 

+ ^—^EMk{Xs,s)Nh{Xu, u)Mi{Xu,u). 
u~ s 

By Lemma[Tli) and the fact that polynomials Mi{Xt,t) are martingales we see that: 

EMk{X,,s)A'h{Xt,t)Mi{Xu,u) = EMk{Xs,s)Mi+i{X,,s) 



• c^+iEMk{X,s,s)Mi^^{X,,s) 



EMk{X,,s)Ah{Xs,s)Mi{Xu,u) = EMk{X,, s)Mi+i{X,, s) 



+sJ2 [^jCj+iEMk{X,,s)Mi^,{Xs, s), 



i=i 

EMkiX,,s)Ah{Xu,u)Mi{Xu,u) = EMk{Xs, s)Mi+i{X,, s) 



J— j- 

u—t I t — S 1 _„ J u—t „ I t—s 



C) Cj+iEMk {Xs , s)Mi_, (X, , s) . 



Since + = 1 and + = t we get our assertion. □ 
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Proof of Proposition [H i) We have: 



CO „ n 

U v-^ / n 



3=0 

ii) Recall that 



n=0 ■ j=0 ^-^^ 

—mj+,{s) = exp(-s/(M))— ^ 



exp(-s/(a;))2^ — TOj+j(s) = exp(-s/(M))— exp(s/(M)). 



exp(i/(a;)) = i?^ — = i?exp(a;Xt 

fc>0 



Hence 



EE w^^^^w^^^w = ^EE w E l--^-*)^.^ 

i>Ofe>0 ' j>Ok>0 •'' ' Z=0 ^ ^ s=0 



^ E 7 E G) -.-(-^)^^ E E 7^--^(-^) 

j>0 /=0 ^ ' s>0 ■ fe>s ^ ' 



exp(-t/(«))ii;exp(«Xt)^^^ (j)m,_iH)^t' = 
exp(-i/(v) - tf[u))E exp((i; + = exp(-</(«) - exp(i/(u + v)). 



To see the authenticity of the second equality notice that 
^ exp(t(/(u + v) - f{u) - f{v)) = for A: > 1. Further notice that ^ exp(t(/(w- 

It— 

v) — f(u) — f{v)) is a product of two expressions : first being a polynomial in t 
of order k with coefficients being some differential expressions of f{u + v) — f{v) 
and the second exp(t(/(u + t;) — f{u) — f(v)). Consequently upon applying Leibnitz 
rule to this product and setting m = u = we see that only the first expression 
matters. The assertion follows the fact that -g:^{f''^'^ {u + v) — f'^^\v))\^_^_^ = 
|L(/b)(^, + „)_/0)(„)|^^^)|^^jorj = l,...!fc. """" □ 

Proof of Lemma\^ First of all notice that if fi{t)Mk{t) is a reversed martingale 
then E{^{s)Mk{Xs,s)\T>t) = n{t)Mk{Xt,t) a.s., hence multiplying both sides by 
Mi{Xt, t) and taking expectation of both sides we get fj,(s)EAIk{Xs, s)Mi{Xt, t) = 
li{t)EMk{Xt,t)Mi{Xt,t). Finally we use the fact that Mi is a martingale. Thus 
we get (|2.12l) . By Corollary [T] we know that EMk{Xt,t)Mi{Xt,t) is a polynomial 
of order mm{k, I) in t. Moreover if / = fc coefficient by t'' is equal to fc!c2 > 0. 
Secondly notice that quantity ii{t)EMk{Xt, t)Mi{Xt,t) has to be independent on t, 
thus since for I — k EMk{Xt,t)Mi{Xt,t) is a polynomial in t of exactly fc— th order 
we deduce that must be proportional to the inverse of EMk{Xt,t)Mk{Xt,t). 

i) By Corollary [T] we know that for / < fc EMk{Xt,t)Mi{Xt,t) is a poly- 
nomial in t of order I, so if ^{t)EMk{Xt,t)Mi{Xt,t) is to be independent of t 
EMk{Xt,t)AIi{Xt,t) must be zero polynomial. 

ii) The fact that Ck+i =0, / = l,...,fc— 1 follows formula S^''''' = Ck+i and the 
fact that EMk{Xt,t)Mi{Xt,t) for I < k must be zero polynomial in particular its 
coefficients by t (which are equal to Ck+i) must be equal to zero. In this way we 
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get the case k — 2. Let us now consider coefficient in EMk{Xt,t)AIi{Xt,t) by t^. 
It is equal to ('^ indicated by Remark ??. Let us now 

take into account the fact that Ck+i, • • ■ , C2k-i are equal to zero. It means that in 
fact we have to have: C^j^^)cj"+iC/+fc-j-i = 0. Now we change index of 

summation to s = j — ^ + 1 and get that for alH = 2, . . . , fc — 1 we have to have 
X]s=o (s+;~i)'^'*+''^*^-'* ^ consider I = k — 1 and k — 2. From the first 

equality we deduce that CkCk-i = and from the second that {{^^Z^) + Ck^i)) 
Ck-2Ck + Ck-2)'^k-i — 0- if fc = 3 and C2 > we deduce that cs — when 
k = 3. Thus let us take fc > 4. By multiplying both sides of the last equality by 
Ck-i we deduce that since Ck-iCk = that Ck-i = 0, or equivalently that Ck-2Ck 
= 0. Let us consider now ? = fc - 3. We get ((('^'^4) + {^^Zi))ck-3Ck + {("^1^) + 
(^^'^_72^))cfe_2Cfe-i = 0. Hence cj.Cfc_3 = and so on. But after fc — 2 such steps we 
will get C2Ck — 0. But C2 > 0. So we deduce that Ck =0. □ 

Proof of the Theorem\^ We will extensively use assertions of Lemma [TJ By Lemma 
[2] we know that 

t(2C2t + Ci) 

and that if ^ [t) M2{Xt, t)is to be a martingale then we have to have equality for 
all I > 1. 

fi{t)EM2iXut)Mi{Xt,t) = fi{s)EM2{Xs,s)Mi{Xs,s). 
By Lemma [Uii) we see that we have to have for < s < i : 

i-i 



St{2cls + C4)(q+2 + (^^jcfc+iQ + i_fe) 



= St{2clt + C4)(q+2 + L jcfc+lQ+i_fc), 

which leads to the condition: 2C2Q+2 — C4X]fc=i (D'^k+ici+i-k) — 0. Since C2 > 
we can rewrite this condition in the following way: 

(4.2) cz+2 = ^E(/i)w-.- 

for all Z > 1. But for Z = 1 we have C3 = and (14. 2p is satisfied. Besides notice 
that if I is odd the right hand side of (|4.2p depends on Cfc with odd indices k < I. 
Consequently we deduce that C2k+i must be zero since C3 — 0. Hence let us consider 
only parameters Ck with even indices. We know that if C4 = then we have to have 
Cfc = for all fc > 4 so (|4.2p is satisfied. So let us assume that C4 > 0. Let us rewrite 
this condition in the following way: 



C2j+2C2k-2ji 



Since all Cj with odd indices are equal to zero we have X]j=o (2|+i)''2i+2C2fc-2j- 
Consequently coefficients C2fc must satisfy recursion:for fc > 1. 
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One can easily notice that ce — ^8c2C4 — 4c2(f^)^ and consequently that C2k 

is proportional to 02(04/02)*^"^. We will prove this by induction. Hence let C2j — 
Aj €2(04/02)-'^^, for all j < k. We have then using (|4.3I) : 



c4ci^V 2fc \ ^ fc,y fc,^"-'-' 



J=0 

Besides we see that numbers Xk are defined by the recursion: 



A. 



with Ai = l.Let us consider numbers Tk = 2 A^. These numbers satisfy recursion: 
(4.4) ^-i=EG,''i)^.^-.- 

Let us denote by H{x) = J2k>i ^fc (2fc-i'i! - Notice also that H'{x) = J2k>a (lljT 
= 1 + Efc>i T'fe+i ■ Applying dUl) we get 

fe>i ' j=i ^ ^ 

^2j-l ^2fe-2j + l 



' ^ § (2j - 1)! 1^ {2k - 2j + 1)! - 

1 + H{xf. 

Since H{0) = we see that H{x) — tanx so indeed numbers Tk are tangent 
numbers. 

Now we know that 

/'M - =. (|?^^.(£r' - + \/f '"(-/f)- 

Consequently recalling that J ta.n{ax)dx — — logcos(ax)/a we arrive at (|2.13l) . Fur- 
ther renumbering that Fourier transform of 1/ cosh(7ra;/(2a)) is equal to 1/ cosh(ai) 
we get (j2.14p . Keeping in mind that l/cosh(6a;) = X^jlo (f^JT^^^ (~-l)''^2j where 
E2j are the so called Euler numbers that have asymptotic E2j ^ Cv^(4?i/(7re))^" 
we deduce that even moments of distribution with the density 7; rr^ — are 

^ 2a cosh(7r2;/(2a)) 

equal to b"^^ {—ly E2j which by Carleman's criterion leads to identifiably. □ 
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